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ABSTRACT 


There are two methods which have been developed inde- 
pendently for computing network sensitivities. Both computa- 
tions may be carried out in the frequency or in the time 
domains. One method involves the analyses of two networks - 
the original and its mutually reciprocal adjoint. The second 
method uses a sensitivity model for the circuit. It is shown 
that the sensitivity model and the mutually reciprocal adjoint 
circuit are essentially the same; the sensitivity model being 
useful for calculating single parameter sensitivity in the 
time domain, the adjoint circuit being useful for calculating 


sensitivity for several parametersin the frequency domain. 
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I. INTRODUCTION 


The subject of sensitivity is one of the oldest areas 
where electrical engineers have made extensive studies. A 
great amount of research work has been done and in almost 
every technical journal articles have been published concerning 
different approaches to network sensitivities. This subject 
received new impetus when the digital computer was made 
available to almost every electrical engineer. With the aid 
of the computer, different approaches to computer aided 
circuit design have been outlined uSing-.sensitivity models or 
the mutually reciprocal adjoint network. 

Seihe tne wlth Mesderinitv0on of §InmtLerreciprocity, oS. ew. 
Director and R. A. Rohrer [Ref. 1-4] developed the idea of 
automated network design and sensitivity calculations for 
linear, time invariant, and later for nonlinear, time variant 
circuits, uSing the reciprocal adjoint network. The calcu- 
lations can be carried out in the frequency or in the time 
domains, although time domain calculations are involved. 
Computations of the sensitivity due to changes in all network 
parameters require the simultaneous analysis of two networks, 
which is easily accomplished with the aid of a digital computer. 

The other approach to network sensitivity makes use of 
sensitivity models as developed and published by J. V. Leeds 
and G. I. Urgon [Ref. 5]. These results were extended later 
by S. R. Parker [Ref. 6] to nonlinear time-variant circuits. 


Using sensitivity models the changes of an output quantity 


due to variations of one circuit parameter are easily achieved. 
For complicated networks the computations of the sensitivity 
due to changes in all network parameters are more involved. 

The computations are carried out in the frequency and the time 
domains equally well. 

It is the subject of this thesis to show that both 
approaches to network sensitivity are not independent. First 
a Bererul review of the mutually reciprocal adjoint network) 
is given. As a new result a topological relationship between 
the original network and its adjoint, including dependent 
sources and independent sources, is presented as noted. After 
that the relations and transitions between the adjoint network 
approach to sensitivities and the sensitivity model are shown. 


Finally the advantages and disadvantages of both methods are 


discussed. 
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It. THE MUTUAL INTERRECIPROCAL 
ADJOINT NETWORK 


The interreciprocity property of an original network N 
and its mutual adjoint network N is an important extension 
of the reciprocity theorem used for computation of muiti- 
parameter sensitivities and automated network design. As 


defined by Director and Rohrer [Ref. 1] the properties are 


summerized in the following paragraph. 


A. THE ADJOINT NETWORK 

For any general network N containing arbitrary Teele ted 
terminal or two-port elements with parametric representation 
(lumped parameters), there exists an adjoint network N which 
has the same topology, but not necessarily the same element 
types, in corresponding branches. 

i The Linear Time Invariant Case 

Director and Rohrer [Ref. 2 and 3] developed the 

adjoint network N as being identical to the original network 
with the following exceptions: 
a) All gyrators in N with gyration ration, a, become gyrators 
mn N with gyration ration, -a, (polarity reversed). 
b) All voltage controlled voltage sources in N become current 
controlled current sources in N and voltage amplification factor, 
u, becoming current amplification factor, =e 
eS} All current controlled current sources in N become voltage 


~ 


controlled voltage sources in N with controlling and controlled 


branches reversed in N and current amplification factor, h, 


becoming voltage amplification factor, -h. 


al: 


da) Miebevo leagceucOnrtOLlGCd.current SOULCGS andiscurrent 
controlled voltage sources have their controlling and controlled 
branches reversed in N. 

e) All independent sources are set to zero. For computations 


of sensitivities of network functions, excitations with unity 


sources at specified terminals are explained in a later 


paragraph. 
f) In the frequency domain no changes occur in the excitation 
of the two networks. In the time domain, time in the adjoint 


network runs backwards. 

If the two-port coupling elements such as transformers, 
gyrators, and dependent sources are defined by algebraic 
relations among their port voltages and currents, then these 
relations can be summerized as shown in Fig. 1. The ideal 
transformer, the voltage controlled voltage source, and the 
current controlled current source are described by the hybrid 
matrix. The gyrator is expressed either by the impedance or the 
admittance matrix. The current controlled voltage source is 
defined by the impedance matrix, and the voltage controlled 
eurrent source by the admittance matrix. In Fig. 1 the first 
subscript is defined as follows: 

i neni. bisanen 

SO = oOueput branch 
The second subscript denotes the kind of two-port element and 
is defined as follows: 


uw - voltage dependent voltage source 


h - current dependent current source 


GeeeVOlurage Cependent current Source 

r - current dependent voltage source 

n - ideal transformer 

a= Oy bacor 
The second subscript is omitted in the matrix representation 
but will be used later. 

: Let the voltages and currents belonging to branches 

in the mutual reciprocal adjoint network be defined by 

Vaey and T 
respectively. The subscripts, xy, are explained as used later 
ont. 


= 


The transformation of all passive circuit elements 
from the original network N into its corresponding adjoint N 
can then be summerized as shown in Fig. 2a and b. These 
transformations are valid for any linear time invariant network. 
As stated before, for sensitivity calculations all independent 
sources in the original and its adjoint network are set to 
zero. 

2. The Linear Time Variant Case 

The adjoint network, N, of the original network N 
for the linear time variant case is defined by Director and 
Rohrer [Ref. 1] as follows: 
a) All time invariant elements of N become elements in N 
as described in the previous paragraph. 
b) All time varying resistors, gyrators, transformers, and 


~e 


controlled sources of N are time varying in N. The 


LS 


transformations are according to the rules governing the 
corresponding time invariant elements. 

e) Lincevanryaneeecaoactters, C(t), Of N become Emme varying 
Gapacitors, C(t), of N shunted by a time varying conductance, 
G(t), in mhos' equal to the value of the time derivative of 


the capacitor. 


d) Mime varying inductors, L(t), of N become time varying 


~ 


inductors, L(t), of N in series with a time varying resistance, 
R(t), 1n ohms equal to the derivative of L(t) with respect to 
time. 

e) Time varying coupled inductors and their adjoint 
equivalent are shown in Fig. 3c. 

f) In the time poraan calculations, time in N runs backwards 
relative to time in N. If the initial time is defined by toe 
tne final time by tee 


time in N is given by 


and the running time in N by t, then the 


Tet rt. - t ; ie Civ) 


g) The adjoint network for frequency calculations is identical 
to the adjoint network in the time domain, except there 1s no 
backward running time. For the sensitivity calculations the 
network analyses of both networks has to be carried out at 

each frequency point sSimulataneously. 

h) All independent sources are set to zero. The network 
excitations, for specific sensitivities of a network function, 


are discussed later. 
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Original Network,N Adjoint Network,N 


C(E) G(t)=C (t) = = =o 
=T 
R(t) =L(t) 
L(t) ; 
(1) =e 
t=T 


















b 
Ry (Ey Ct) la) tie, (he) 
m (t) ; A\N\- m(T) = ¢ 
ae I. (tT) V(t) =m(t) |, 7 
L, (t) L(t) 


L, (t) L, (t) 


I, (t) I. (t) 


C 


Figure 3: Adjoint Transofrmation of Time Varying Elements 
a) Capacitor 
Joy Mi aXelbiveheene 
c) Coupled Inductors 
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B. THE INTERRECIPROCAL THEOREM 

The interreciprocal property of an original network N 
and its adjoint N as defined by Director and Rohrer [Ref. 1] 
is a generalization of the reciprocity theorem. This extension 
applies to a network and its adjoint consisting of resistors, 
Capacitors, inductors, coupled asus eae, transformers, gryators 
and controlled sources. The reciprocity theorem defines a 
a to be reciprocal if it has the following property: 

If an excitation 2 is applied at one pair of terminals 
in N and a response I. 1S measured at some second pair of 
terminals of the same network, interchanging the points of 
excitation and response, keeping 2s the same, does not change 
the response I, at the Gmiganal port (Prd. 4). 

An Original n-port network N and its n-port adjoint N 
are said to be interreciprocal if the following conditions are 
satisfied: 

Considering first the frequency domain case. For any 
excitation E,, (s) at some terminal pair k of the original 
network N the response at another terminal pair n is I(s)- 
The excitation at all other ports is zero. Exciting the adjoint 


ed 


network at terminal pair n with the sour Vs) such that 

V, (Ss) a E,. (s) CE2)) 
yields the response 

I, (s) = I, (s) (ie 3)) 


ne 


at terminal pair k of N. 
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Figure 4: Multiple port Network with Reciprocal 
Eave die ata om 





Figure 5: Original Network N and its Adjoint N 
excited in Reciprocal Manner. Time 
Domain Case 
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For time domain considerations let the excitation voltage 
at port k of N be e, (t) which forces a current response i, (t) 
at the terminal pair n. Exciting the adjoint at its port n 
with a voltage source 

vay] = e, (t) 5 Tet, + tpt (1.4) 
yields the current response i, (1) at terminal pair k of N 
such that 

i, (t) | = i (t) (1.5) 

C=T 
The voltage and current excitations atall other terminal pairs are 
Zero (Pig. 5). if these conditions (12.2 through 1.5) apply 
to all possible geet) oe terminals of both networks then they 
are said to be interreciprocal. 

One sufficient condition for an original network and its 
adjoint to be interreciprocal is that the circuit consist of 
linear time invariant parameters only. 

c. DEFINITION OF THE ADJOINT NETWORK IN TERMS OF TOPOLOGICAL 

RELATIONSHIPS 

The interreciprocity theorem applied to a network and its 
adjoint, implies certain restrictions on the transformation of 
elements from one circuit to the other. It results in very 
strict relationships between the original network and its 
adjoint. As discussed by Parker and Barmes [Ref. 7] the branch 


relations of the original network can be expressed by the 


following matrix equation 
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| = ° a (2a) 


where Vy and i, are defined as link voltages and currents, 


AI 


respectively. v., and 1. are branch voltages and currents, 


2 


respectively. They are defined by the following vectors 


- S S 
‘ie VR and i, = i, (2.2) 
i, iy f 
ic 16 
vo. a Vc and 1. = ig (223) 
tr ip 


where the subscripts denote the following: 


C - tree branch capacitances 

G - tree branch conductances 

T - tree branch (excess) inverse inductors 
S - link (excess) susceptances 


R - link resistors 
Ih <= Ilaligh< “ rieveitYeheotat= 
Independent sources consist of voltage and current sources as 


Petined byeene Lollowing vectors: 


Eg Jo 
e ~ Cr and 5 = Je U2) 
er, Ip 


Pl 


and e. are independent voltage sources contained 


where Cos ens L 


in fundamental loops defined by susceptances, resistors, or 
inductors, respectively. Jer Iq: and Ip are independent current 
sources associated with fundamental cutsets defined by capacitors, 
conductors or inverse inductors, neermeenareley - The latter 

can be neglected in the adjoint network because all independent 
sources are set to zero. Only indpendent sources relevant to 
ene computation of the sensitivity are inserted. These appear 

aS unity sources in a reciprocal manner in the original network 
and its adjoint as discussed later. 


The two partitioned square matrices (2.1) contain various 


elements as follows: 


M, = [ (uy sare Z, = [r,] 
(2.54) bee a) 
Yy = [g,] Ly = [(h, + J) ] 
and 
Z = [r] M = [(u + F)] 
L = [(h - P*)] Y = (gl (2.6a,b,c,@) 
where 


M consists of voltage dependent voltage sources plus 


the identity matrix 


Z4 contains current dependent voltage sources 
Yy 1s composed of voltage controlled current sources 
Ly consists of current dependent current sources plus 


the identity matrix 


Z contains the remaining current dependent voltage sources 


De 


M contains the other part of voltage dependent voltage 
sources plus partitioned topological F matrix elements 

L consists of further current dependent current sources 
plus the negative transposed elements of F 

ve is composed of all remaining voltage controlled 
CUGrentesourees. Using (2.2) (2.3) (2.5), and»(256) 


in (2.1) with e = j = 0 yields 


ais aieie) lecke | a Cumiccn Si Mes 
Urs "rr "re | ERG eRe! RE MR 
is bie aime | Be ainee Li TO i 
------------ oman + 7 a uae | 3 
Scs Jcr Ic ace Nog Ber SN ee Lo 
J¢s Jer Jeu : cc "ec Ber mie 
Grs 9pr 9rn | "re “re "rr Ly 
Bos 9S eclisemmsc: sl ° S | Je er =S 
=o RR TRL PRGaeRG| RE y : | Bre ! xe © “8 
ars LR “LL! ue ie ait ? u : ) 'LC he ah mi 
js t------------|+ ara ee =| eee 
CS “CR ew Sec Ice Scr} |-Fsc “Fre Fre eee “GC 
hes her ep! Jee Soc Yor} | ° ~FRe Fie ie ie 
W2rs "rr boy! Src Ire Srr| [9 9 FR} oO 0 0 Vp 


(2.7) 
where the double subScripts indicate the kind of elements between 
which the dependency exists. 

fiom cte rans kormiatton from the Original to Ehe adjoint 


contains no changes for all passive circuit parameters. Voltage 
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controlled voltage sources become current controlled current 
sources with current amplification factor, -u, with the roles 
of controlling and dependent branches reversed. This operation 


corresponds to the following matrix manipulation 


| | 
| | 
---{---- — i> ---4---- (2.8) 
| | 
| | 


| | 
Bert ae mei oe (2.9) 
: 


A similar transformation holds for current dependent current 


sources so that 


f==== (2.10) 


) 


and 


! ’ 
| | 
| | 
a oo — > 2 oe (22) 
h ! | 
~ | | 

| | 
Voltage dependent current sources and current dependent voltage 
sources with amplification factor, g, and amplification factor, 
r, respectively remain, but in both cases the roles of depending 
and controlling branches are reversed. This operation 


corresponds to the transposition of the corresponding submatrices 


so that 
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| | 
| | 
| 
econ) Be O12) 
| | 
| | 


and 


| | 
| | 
1 ial mn oF 2.3) 
| | 
| 


Equation (2.1) in partitioned form and omitted independent 


sources gives 


u 


f 


I, ell 

+ [x] F = 1 ; (2214) 
27 ST 
Using the matrix transformation as shown in (2.8) through (2.13) 


in (2.14) yields the branch relations of the mutual reciprocal 


adjoint network 


Te o : 
“hy ry vi te h 0 F 1, 
+ [z]|- = + af C2. 15) 
£ t : t io 2 
9, “Hy Lo Ho eg a” Vo 


Rearranging and uSing (2.5) and (2.6) in (2.15) gives the final 


result 


: 5 : (224°6)) 


i 
Het oe ct 


ct 


=M 


a= 


Compared with (2.1) shows an easy and compact relationship 


between the original network and its adjoint. 


D. USE OF THE ADJOINT NETWORK FOR SENSITIVITY CALCULATIONS 

R. A. Rohrer and S. W. Director [Ref. i 2, and 4] have 
shown that the sensitivity of any network function with respect 
to changes of one or all network parameters requires the 
analysis of the original circuit and its mutual reciprocal 
adjoint. 

If any network function is denoted by H(jw), then inserting 
current or voltage sources of one ampere or one volt, respec- 
tively, at particular ports of N and N, excited in a reciprocal 


manner, H(jw) becomes. a network function as shown in Table l. 


TABLE 1. Definition of the Network Emmittance Function. 


Terminal Conditions| Terminal Conditions 
Original Network Adjoint Network 
| | (jw) 


~ 


N N 


Driving Point Impedance] Current Open or Current Open or 

mie DOKt Kk source She@rmeE source Ss oleuee 
(1 amp) (lamp) 

Driving Point Admit- Voltage Open or Voltage Open or 

tance at port k source Sno ric source Sie tie 
(J volt) (lvolt) 


Transfer Impedance Curren Cur rene Open 
between port k and l source source 
(1 amp) (1 amp) 

Transfer Admittance Voltage Siete 
between port k and l source 
‘Gheaigewlic.), 


Sarren-  lranster Ratio Cur emit: Short Short Voltage 
source SOunmee 
(1 amp) Geico lkiey 

Voltage Transfer Ratio Voltage ' Open Current 

Heeveen port k and 1 Selmee SOUBeEe 
(1 volt) (1 amp) 





The normalized sensitivity (due to the insertion of unity 
current or voltage sources) of any network function (as defined 
in TABLE 1) with respect to all element types, is obtained in 
terms of voltage and/or current responses in the corresponding 


branches of N and N. The Sensitivities are defined in TABLE 2. 


TABLE (CemeCenSitelvities Of a Network Function 


_ Variable Network Semene Vi ty soit 
Parameter Network Function 


Resistances = ~I, Gw) -T, Gw) 


a] a> 
rile 


Conductances Va (Jw) * Ve (jw) 


ale 


Inductances ~jwI, (jw) -I, (jw) 


Sie 


Co) 
ae) 


Reciprocal Inductances 1/[jwV, (jw) *V>, (jw) J 


Q 
— 


Capacitances JwV, (Jw) *V, (jw) 


ale 


Elastances -1/TjwI, (jw) TT, (Ww) J 


a>] a> 
Sp) Ree 


Ar 


=: (turns ratio Ton ea a en ae 


ag a) 


me orors (gyration ratio: + CES ages La GW) hea 
Tey (Jw) ) 


Voltage controlled voltage —— -V; (Jw) °I. (Jw) 
sources (voltage ampli- c : 
mica LOM sak tO: 1!) 


Voltage controlled current Vs (jw) *V__ (jw) 
sources (transconductance: S) og 


g) 


Current controlled current I. (Jw) °v 1, (JW) 
sources (current ampli- = = 
preaelon 7atio: i) 


Current controlled voltage = aha aha) Oo (Jw) 
source (transresistance: : i 
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Pe weeosNvoliLViTY MODELS 


The sensitivity model approach to network sensitivities 
for linear circuits was developed by J. V. Leeds and G. I. 
Urgon [{Ref. 5] based upon an idea first presented by R. 
Tomovic [Ref. 8]. These results were extended to nonlinear 
Giaelits by S. Re Parker (Ref. 6]. In aiencnealh the sensitivity 
model is topologically identical to the original circuit. All 
independent sources are reduced to zero. An excitation voltage 
or current source, depending on the variable parameter, x, has 
to be placed in series or in parallel with x, in such a direction 
as to oppose the normal current flow in that branch. The value 
of that source depends upon the current or voltage response 
of the branch of x in the original network. The responses of 
the sensitivity model are in turn the required sensitivity 


function. 


A. DEP ENTTION FOR tHE BINEAR CASE 
For the different element types the sensitivity model 
equivalent element and its corresponding excitation is 


summerized in Table 3 as taken from S. R. Parker [Ref. 6]. 
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TABLE 3. Sensitivity Models and their Excitations for the 
Linear Network 











a) RESISTIVE ELEMENT b) SONOSEN ELEMENT 
aVp 
ele! 
od R 
R 3 
00, : a 
eq = 35 
“eq = in Jeg = MG 
Vin Ee OR ne Soe = Me 
c) CAPACITIVE ELEMENT 
aVn oVe 
<$—____—_ __—— 
Ja i ee hol 
ofp a 
916 C. e 
Jom g eq 
eq ~ oe. 
OV d 1 ve 
Jeg ~ 3t mat cat (Cove) equa Cy at 
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d) 


<a 


Li leq 


o1 
L M 
ra ( 12e 


OV, 
eke! 


+4 


ian Vileq 


q 
ie = 
34 
5 “22eq Voleq 
@ 4 
3V 
@ eel 
ele! 
ied ie 
“SQen = She 
“Sasi aa 
Spee D 
_ 4d | 
“© GS aa 
_ el ; 
Vp = ge Mo 4, 
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INDUCTIVE ELEMENT (WITH MUTUAL COUPLING) 


Vileg 


Vi2eq 


V2leq 


V22eq 


+ Ly op) 


+ Lo517) 


RESISTIVE HYBRID ELEMENT 


=. Hie Do 





ibis Ho2eq = Hoo 
yee, 0 ty ee = SSI 
“lleg ~ ip ee ~ Ve 
“12eq > ve Io16q z 1p 
Ya Ea Bae 
he Baha oe Be 
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Be DEFINITION FOR THE NONLINEAR CASE 
For the nonlinear circuit the sensitivity model equivalents 
and their excitations are summerized in TABLE 4 as taken from 


S. R. Parker [Ref. 6]. 


TABLE 4. Sensitivity Model and Their Excitation for the 
Nonlinear Case 








a) RESISTIVE ELEMENT b) CONDUCTIVE ELEMENT 
oV. 
———— 
dV, aed 
08 
= = 
Jip Rag Cag 
ee! 
av, (ina) 91 vd 
. _ Vpliprd) - : _ 1o(Ver 
eg dl, eg OV 
: _ dv, (ip, a) . _ 91, (vara) 
eg ele! Jag ele! 
Vp = Vp (tpro) ig = 1, (v,,a) 
c) CAPACITIVE ELEMENT 
OV 
Ce 
<———______,— 
ee! 
00 
Jag - 5 . 00 (v_1a) 
eq IV iG 
; : a Rhoda : _ ool at ee 
eq 3 0a eq eq 0 
au - 2 gy 0.) 
C ot ec 
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d) INDUCTIVE ELEMENT (WITH MUTUAL COUPLING) 


oV 


ena Cake (Ch), 
dF a tr 


eye! 


2G EF (0) 
128 


kel 


pe ae 
———_—_—_} 


oa 


Pal Ye 


dd 


__ 
hr 
biieg Vileg Vi2eq 
-- - a. — 
di, 
te 1 2eq Mole 
a _ -- 
- oi 
r L V V 
ie = 22eq av. Ze 22eq 
eye! 
‘ — 8by7 4p) : 3 
Wilexey ; lleg 
di, ot 
' _ 9>5, (1, 7%) , : re) 
Zale Gg Zakect 
dl, ot 
v, = 2% [6,, (ipa) + 6,5 (in, a) ] 
L at nS eae ie tage 
oe lida oo) 2 Cee 
Tr at Zaye 22 ei 
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e) RESISTIVE HYBRID ELEMENT 
2% : 
R 


H 
Am lleg 





Fi 





; dhyy (1,70) dho5 (vere) 
H = — H a 
lleq - 22eq 4 
G fe 
7 dh, 5 (vara) 8Va dh, (1,70) di, 
azeg Ge) ated GD 
Vo a i, a 
. 7 dhy, (ip,0) . : dho5(vqra) 
lleg a J22eq ~ - 
= 7 dh, > (var) . 7 dho, (1,72) 
12eq JO J21eq ae 
ie Nyy Gara) + yo vara) 
i, = ho, pd) + ho (Ver) 
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iy. REBAR EONS IP BETWEEN THE SENSIPIVITY MODEL 
AND THE MUTUAL ADJOINT NETWORK APPROACH TO SENSITIVITY 

To compare the two methods it is first shown how network 
sensitivities are obtained using Tellegen's theorem in conjunc- 
tion with an original network, the mutual reciprocal adjoint, 
and the augmented original network. Following this derivation, 
sensitivity models are shown to be a special case of the 
mutual adjoint network. 

A. PROOF OF NETWORK SENSITIVITIES USING THE ADJOINT NETWORK 

AND TELLEGEN'S THEOREM 

In chapter II it was stated that the sensitivity of a 
network function is obtained using the response of an original 
network and its adjoint. A proof is presented now. 

Consider the network of Fig. 6a, excited with a voltage 
source a at portal. At Wore @. the voltage response is Vo: 
Fig. 6b represents the same circuit with all of the elements 
augmented. It 1s excited with an identical voltage source - 
at port 1. The voltage response at port 2 is V5 + AV. - Fig. 
Semtepresents the adjoint of the Original circuit excited in 
Beciprocal manner. In Fig. 6, Xue represents any kind of one- 
port passive network parameter. To apply Tellegen's theorem, 


the port voltages and currents of the augmented original circuit 


and the adjoint network are tabulated as follows: 
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porte. 1 POnE 2 





Figure 6: Reciprocal Two Port Networks 
a) Original Network,N 
b) Augmented Original Network ~ 
c) Mutual Reciprocal Adjoint Network,N 
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Aug. Orig. Network Rec. Adjoint Network 


Voltage Current Voltage Current 
Port il: Bs I, + AI, 0 I, = Nic; 
Port 2: V5 + AV. 0 V5 I, = Be 
aie. Netw. : Me + AV. Ty 4 Aly ee Ly 


- 


Multiplying and adding the corresponding terms as shown above 


yields 


SERV CRCUaee oO Ny jie? Fay + AV = 6 ; (Aone 
g 0, Oe! g g 


2 Z Z 


(TO F AI Vy = 0 (4.2) 


Equating (4.1) and (4.2) and rearranging, results in the basic 
expression from where the proof starts for different kinds of 


network parameter. 


(I, + AI )V, = (V, + AV I, — ene: = Q (4.3) 
ee Passive Network Parameters 


The proof is presented for impedance, inductive, and 
Capacitive parameters only. 
The constraints for the impedance case are 


“~~ ~ 


Ze 
ole) 


< 
tI 


7a Cia) 
a oe 


< 
T 


BV = ie Ze bo AZ 
Q. elite! cme! 
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SupSereutinga(4-d)eim (250) and rearranging gives 


~~ 


Soe = WT 744, (42.5) 


BewEtng the excitarcron be a unit voltage or current source, 


respectively, Be = 1, leads to 


AV. = “T7424, (4.6) 
or 

AV. ~ 

AZ. ~ “Tt He 


Equation (4.7) gives the sensitivity of the output voltage 

with respect to changes in one impedance parameter. Multiplica- 
tion of the current through the variable impedance in the 
Original network, Lue ancetEne Current through the corresponding 
parameter in the adjoint network, I 1s done conveniently in 


the frequency domain. 


For the capacitive parameter the constraints are 


~ dv, ~ 

Ty = Saal jwe Vv, 
dt 
dv 

I= C— = jwc Vv, (4.8) 
dt 


ATI 
O. 


I 


wove Cote aw -AC 
ois! oh eo! 


Substituting these constraints into (4.3) and solving for 


AVE results in 
g 


AVE, = jJwv vac. (4.9) 
38 


Letting the excitation source Be equal to one gives 


_ AV, ~ 


Ac = ae (4.10) 


Q 


Memation (4.10) isthe sensitivity of the output voltage of ehe 
original network, N, with respect to perturbations in one 
capacitive network parameter. 

: Finally the derivations for changes in an inductive 


element are shown. The auxiliary equations are 


os aq ne 
Vv = Ls jw ht, 
at 
dq, 
Vv, = Los jw ht, (4.11) 
dt 
AV. = 


jwl_ AL + jwAI_L 
0) 0) a 


substituting (4.11) into (4.3) and solving for AV 


2% Gives 


aV,E, = ~jwI,I Ab, (4.12) 


Assuming the excitation sources, ei equal to one gives 


AV 
—— = ae (42035) 


5 Be 

AL 
OL 

Equation (4.13) gives the incremental changes in output voltage 

due to variations in one inductive element in the original 

network. 


These results agree with the given relations in 


TABLE 2, developed by Director and Rohrer. For better comparison 


39 


the corresponding expressions to equation (4.7), (4.10), and 


(4.13) are repeated here 


oH a= 

aR = ~Ipl3w) I, Gw) 
ou =" way (aw) V (jw) 
Ye JWV IWIN Gh 
dH iis <P onae: 
4,7 jwi, (jw) I, (jw) 


If the sensitivity of the output voltage depends on 
variations of all network parameters, the increments are added, 
applying the principle of superposition. The summations are 
taken over all corresponding network parameters. (4.7), (4.10) 


and (4.13) then become 


AV. = =-2}I I AZ 
aa a 
a 
AV. = BI hy (4..14a,b,c) 
AV. = eT gt tha 


Zs Dependent Sources 


As an example for all four kinds of dependent sources, 
the derivation for the voltage dependent voltage source is 
presented. The proof for the three others is quite similar. [In 
Fig. 7a the original network, excited by a voltage source ae 


at port 1 and its adjoint (Fig. 7b), excited in a reciprocal 
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port. DOigts 2 
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Figure 7: Reciprocal Two Port Networks Containing 
Voltage Dependent Voltage Sources 
a) Original Network,N 
b) Mutual Reciprocal Adjoint Network, N 
c) Augmented Original Network 
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manner, are shown. Fig. 7c represents the augmented original 
circuit excited by the same voltage source, oe hn Face aye 


, 1s defined as follows 


the incremental voltage change, AV on 


AV ou = WAV, + va Au (4.15) 


The ports and the internal voltages and currents for the 
augmented original and the adjoint network are tabulate and 


then Tellegen's theorem is applied 


Aug. Orig. Network Rec. Adjoint Network 
Voltage Current Voltage Current 
Bene 1: Be tT, fe AT, 0 I, = “Vo 
Pont 2: Vot+AV. 0 V5 I. = Be 
Internal 
Controlled = = 
Side : We ) 0 va “ut, 
Dependent S 
: a +AT 
Side we AN Sr A ee 0 eer 


Multiplying the inner and the outer columns as shown above 
yields 


Outer Product: 


-E V, + (V,. + AVA)E. + 2 (Vv. + AV.) (-ynI_ ) 
Gipe2 2 2 Tou lu Ou 
= (4.16) 
+ F (V + AV + AV )I = 0 
iu/ou Ou Ou Ou OU 


Inner Product: 


5; = 0 | (4.17) 
in /ou 
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Where the summation is taken over all branches of dependent 
SGumeCs,PCOntmollimamand dependent side. Multapiving oue 


equation (4.16), rearranging and cancelling yeilds 


EN oo) ah ge in = AV. if + OW. ek 
g 2 on ( in? OU iph Ou Ou OU 
(4.18) 
tov LO) a0 
OU OU 
Substituting 
vont = ay 
and eliminating equal terms leads to 
ee) + 2 (OAV Poo +e AV ony. = 0 (4.19) 


iy /Ou 
Substituting (4.15) into (4.19) gives 


ULoy + (UAV, + V5 Aut) = 0 (4.20) 


SENG: cee (= Vey 


ip/ou 


Multiplying out and cancelling results in 


nd 


JN ap) Au = 0 (4.21) 


2 Vag 
ip /ou 


A voltage transfer function is defined as follows 


Bien for Ehe auqmented network 


(V. Le AV.) = (H + HOE 


43 


and 
AV. = AHseE (4.22) 


Substucutmiaqm 4.22) into (4421) yields 


2 wv 
AH*E- = 2 -V. I Ay (4523) 
1 Ul Te! 
iv /ou as" 
Since H is a function of uw, an incremental change in the voltage 


transfer function with respect to the voltage amplification 
haAGCEOr, LU, 1S given by 
nn So (oH) Ay (4.24) 
OU 
ip/ou 


Comparing equation (4.24) with the rearranged equation (4.23) 


yields 
We 
— = bok (4.25) 
Ir E 
g 


Letting the excitation voltage and current source, Pat equal 
to one, gives the voltage transfer function sensitivity with 
respect to the voltage amplification factor, uw, as the product 
ee the controlling branch voltage in the original circuit and 
the dependent branch current in the mutual reciprocal adjoint 
network. This proves the stated result of TABLE 2 which is 


repeated here for convenience 


= Er ed eee 


4 4 


Ba TRANSITION BETWEEN APPROACHES 

The derivation of the sensitivities of a voltage transfer 
function in the previous paragraph was carried out in the 
frequency sion The sensitivity none as stated in Chapter 
III, is given in the time domain. To use the derived equations 
in the time domain requires further interpretation. For the 
Original circuit (Fig. 6a) the voltage transfer function was 
defined as follows 


V5 (s) 


H(s) = ES (Ss) 


The sensitivity of the output voltage due to changes of any 
kind of passive network parameters, Uys is then given by 
sH(s,u,) 
AV, (s,U,) = che eG (4.26) 
u 
oO, 
where the parameter, Uys is itself a function of s and x 


such that 


ue. = u (sex) (4.27) 


Substituting (4.27) into (4.26) and applying the chain rule 


yields 


dH(s,u) du, 
AV.(s,u_) = E (s)* (—————-) (——) Ax (4.28) 
Be g au, 3x 


Using for impedance type parameters equation (4.7) in conjunction 


with (4.22) and substituting into (4.28) leads to 


ob Awd Ul 
AV, (s,x) Se (Ne Ns (4.29) 
28) Ox | 
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Making the assumption that Be el 1S a unit impulse, u = Z, 


OL 
and x = Z, the transition into the time domain of AV. (S,x) 
is given by the convolution of the resistor current in the 
Original network and the current through the corresponding 
resistor in the adjoint network. Then the sensitivity of an 


incremental change of the output voltage with respect to 


Vvagnhacklions in One wresistive element is 


= 


AV. (t,R) is 
Ge eet (4.30) 
AR O a 


If it 1s required to find the variation of V with respect 


2 
to all resistive parameters the changes are added due to the 
superposition principle over all branches, a, containing 


resistors. Therefore 


AV. (t,R) ma 

eo wi (t) x1. (t) (4.31) 
AR Q 

For inductive parameters eS sL and x = L AV. (t,L) 1s 


determined by the time derivative of the convolution between 
the corresponding inductor currents in the original network 


and its adjoint. Therefore 


wis (Ge 4 iby), d : a 
2 4 ye 
ane cee oe Bap (Ly ft) x2, (CE) ) | (4.32) 


Finally for capacitive elements the sensitivity of Vo 
due to changes in all capacitors turns out to be the summation 


over all capacitive branches of the time derivative of the 
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convolution between the voltages across corresponding capacitors 


in the original and its adjoint network. Therefore 


AV (te, Cena . 
——o = cat (V(t) «Vv, (t) ) (4.33) 


Starting with equation (4.29) the computational process 


can be simplified by considering the adjoint network (Fig. 8), 


me 


excited by a current source, I,, as follows 


du 
Ee ee (4.34) 
ox 


To 


m~ 


The current through the variable parameter, Ive 1s then given 
by 


~ 9V._(S,x) 
ie eee eee. (4.35) 


- ox 


Remembering that 2 EY 1S unity in the frequency domain and a 
unit impulse in the time domain, the sensitivity of the output 


voltage, AV 1S given by 


Ps 


AV. (S,x) As | 
—_———— = I (s,x) (4.36) 
Ax S 


in the frequency domain, and by 


—————— = 1 (t,x) (4337) 
a 
isk 


in the time domain. 


If the interreciprocity theorem is applied to the circuit 


of Fig. 8, interchanging excitation source, I and response, 


Doe 
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baad 


Tye the sensitivity model is obtained as shown in Fig. 9a. 
Fig. Ya holds for the frequency domain as well (t replaced by 
Ss). This derivation is valid for all types of passive network 


BPabameters. 


For the transition of the dependent sources the voltage 


dependent voltage source is chosen, where 


i uy (S,x) = Vou (S,u) (4.38) 


such that 


x =u 


Equation (4.29) becomes 


~ 


ion OV oy (Se H) 
AV. (s+u) = - Ey (Ss) a Au (4.39) 


~e 


From Fig. 8 the excitation, I,, becomes a voltage source of 
value 


s OV, (Set) 


lt, = ——  (-V.. ) (4.40) 
2 a iw 


Then the current in the dependent branch of the current dependent 


~w 


current source in the adjoint network, ea! gives the desired 


sensitivity 


~ AV. (Su) 
I. (s) = ——_— (4.41) 
Ou Au 


in the frequency domain and 


AV, (tH) : 
aN (AAD) 
lu fe 


imieenescilme domaLn. 
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Figure 8: General Interreciprocal Network 


Figure 9: 





Sensitivity Models Derived by Application 
of Tellegen's Theorem and the Mutual 
Recprical Adjoint Network 

a) For One-Port Passive Parameters 

b) Voltage Dependent Voltage Source 


49 


Interchanging the excitation and the response, referring 
LOmricr ¢ andealirqumoa,) Leags LO tne Sensttayrey model of a 
voltage dependent voltage source. The excitation voltage source, 


aad 


I,, given in (4.40) has to be transferred into the time domain 


such that 

~ oO er) 

i,(t) = ee (-V «..(t)) (4.43) 

iv 
du 

Knowing that 

av. av, 

ne; i a (4.44) 
gives 

. av. 

i,(t) = (Ua tr Vi) (-V, | Ct) (4.45) 


moe minus Sign in front Of Vay means that the excitation source 
in the sensitivity model has to oppose the normal current flow. 
To be consistent with the structure of a dependent source and 
the equation (4.45), Van has to be as follows 


dv, (t) 


Substituting (4.46) into (4.45) leads to the sensitivity model 


fetgGeeoD) bas Stated 3h, Chapter Il. 


OF COMPARISON OF THE TWO APPROACHES 
As a main conclusion it can be stated that the sensitivity 
model is not an independent method for computation of network 


sensitivity but a special case of the mutual adjoint network. 


0 


For sensitivity calculations in the frequency domain with 
respect to single element perturbations both methods are 
equally well suited. If the total increment in sensitivity 
due to variations in several parameters is required, the adjoint 
network approach is advantageous because still only a single 
excitation is required and the analyses of only two networks 
at each frequency point are necessary. This is in contrast 
with the use of the sensitivity model where a separate source 
is required for each variable element. This requires the 
analysis of one network for each parameter at each frequency 
point. 

Tide ie COM aE temoeh Slhtavity mieGde lel omeie setae 1 
approach, especially if single parameter changes are involved. 
The desired sensitivity requires the analysis of one network 
only and the answer comes out immediately in the time domain. 

In contrast, the adjoint network approach involves the analysis 
of two networks and requires convolution of the corresponding 
circuit responses. Alternately, in the time domain, the adjoint 


network may be excited by a source with backward running time. 


Syl 
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